We study biological evolution on a random fitness landscape where correlations are introduced through a linear fitness gradient of strength c. When selection is strong and mutations rare the dynamics is a directed uphill walk that terminates at a local fitness maximum. We analytically calculate the dependence of the walk length on the genome size L. When the distribution of the random fitness component has an exponential tail we find a phase transition of the walk length D between a phase at small c where walks are short (D ∼ ln L) and a phase at large c where walks are long (D ∼ L). For all other distributions only a single phase exists for any c > 0. The considered process is equivalent to a zero temperature Metropolis dynamics for the random energy model in an external magnetic field, thus also providing insight into the aging dynamics of spin glasses.
We study biological evolution on a random fitness landscape where correlations are introduced through a linear fitness gradient of strength c. When selection is strong and mutations rare the dynamics is a directed uphill walk that terminates at a local fitness maximum. We analytically calculate the dependence of the walk length on the genome size L. When the distribution of the random fitness component has an exponential tail we find a phase transition of the walk length D between a phase at small c where walks are short (D ∼ ln L) and a phase at large c where walks are long (D ∼ L). For all other distributions only a single phase exists for any c > 0. The considered process is equivalent to a zero temperature Metropolis dynamics for the random energy model in an external magnetic field, thus also providing insight into the aging dynamics of spin glasses. A population adapts to an environment by accumulating beneficial mutations, a process that can be seen as the impetus of biological evolution. To study evolution in general and adaptation in particular, the picture of a fitness landscape has proven to be helpful [1] . Here, a unique fitness value is assigned to each genotype which reflects the mean number of viable offspring an individual with this genotype would produce. The mapping from genotype to fitness defines the fitness landscape. In this setting, adaptation is viewed as a hill-climbing process that the population performs on the fitness landscape.
The interest in fitness landscapes has been renewed in recent years as new techniques have made it possible to experimentally determine the fitness for combinatorially complete sets of multiple genetic loci [1, 2] . These experiments suggest that fitness landscapes typically contain a substantial amount of randomness but also display correlations that smoothen the landscape. Importantly, many empirical fitness landscapes possess multiple local maxima, i.e. genotypes with fitnesses that are higher than those of all neighboring genotypes that can be reached by single-point mutations. Such local maxima have a big effect on the adaptive dynamics, as populations may get trapped there for very long time before finding even fitter genotypes. How relevant the existence of the local maxima is to the adaptation dynamics depends on how long a population can freely adapt before it gets trapped.
To address this question, we adopt the following simple but well established model, which captures the evolutionary dynamics in a regime of Strong Selection and Weak Mutation (SSWM) [3] [4] [5] [6] . Consider a population of N individuals. Mutations occur with rate µ, which is chosen small in the sense that N µ ≪ 1. Selection is assumed to be strong enough that deleterious mutations rapidly go extinct. If a beneficial mutation occurs, the mutation becomes dominant in the population, before a second mutation can occur. Thus, in this regime, the whole population is almost always genetically homogeneous. By means of sequentially fixing beneficial mutations, the population 'walks' uphill through the fitness landscape, until it reaches a local fitness maximum, at which only deleterious mutations are available. Despite its simplicity, the adaptive walk model has proven successful to describe real evolutionary processes [7] [8] [9] .
A further common simplification is to suppose that all mutant genomes are of the same length L. Also, we only distinguish between genetic sites that are mutated and those that are not. This leads to an Ldimensional hypercubic genotype space of binary sequences C = (. . . , 0, . . . , 1, . . . ), where zeros denote unmutated and ones mutated loci. To assign fitness values to genotypes we consider the Rough Mount-Fuji (RMF) model, which is a simple yet versatile model of tunably rugged fitness landscapes [10] [11] [12] that has shown to be capable of capturing many features of real fitness landscapes [2, [11] [12] [13] . With independently and identically distributed random variables η C , the fitness of a sequence in the RMF model is defined as
where the reference sequence C r = (1, 1, . . . , 1) has all loci mutated and d(C, C ′ ) is the Hamming distance between C and C ′ with d(C, C r ) being the number of zeros in C. The probability density of η C is f (η C ) and the corresponding distribution function is F (x) = x −∞ f (y)dy. In the following we will refer to the realization of the random variables η C as the stochastic fitness component.
When a walker is located at C, a further step C → C ′ is performed by choosing C ′ at random with equal probability from the set N (C) = {C ′ |W (C ′ ) > W (C) and d(C ′ , C) = 1} of single mutant neighbors with higher fitness. If this set is empty, C is a local fitness maximum and the walker stops. We will refer to this dynamics as the random adaptive walk (RAW). A key question in the theory of adaptive walks is the following [3, 5, 12, [14] [15] [16] [17] [18] : if the walker starts from the antipodal sequence C 0 = (0, 0, . . . , 0) of C r , how many steps does it take before a fitness maximum is reached and the walk terminates? For the RAW on an uncorrelated random fitness landscape, corresponding to the RMF model with c = 0, the mean number of steps is known to be D RAW ≈ ln L + 1.099 to leading order [15, 16] . On the other hand, when c is much larger than the standard deviation of the stochastic fitness component in (1), the walker may take all L steps to the reference sequence with high probability.
The purpose of this Letter is to clarify the nature of the transition between the regimes D RAW ∼ ln L and D RAW ∼ L that occurs as c varies. We show that a phase transition at an intermediate value of c exists if and only if the distribution of the stochastic fitness component has an exponential tail, and we characterize the transition in detail. Formal solution. Our analysis starts from writing down formally the probability density q l (Y l )θ l that an adaptive walker takes at least l steps along a path Y l before it ends up at some local maximum. Here, Y l is the ordered set of stochastic fitness components y i of C i which have been visited by the walker at the ith step (0
To this end, we make the assumption that the distance to the reference sequence is strictly decreasing along the adaptive walk, which is correct up to O(l/L) as long as the walk distance l is o(L). Within this assumption, the walker chooses a random genotype from
The condition that y i−1 is smaller than y i + c for all i = 1, 2, . . . , l in Y l will be called the walk condition and θ l is 1 (0) if the walk condition is (not) satisfied.
Let us assume that the walker has taken l steps to C l with the stochastic fitness component y l . Since the walker can choose any genotype from N (C l ), the probability density of y l+1 for a given y l is f (y l+1 )/(1 − F (y l − c)) irrespective of the cardinality of N (C l ), as long as it is not zero. Since N (C l ) is empty with probability
We next define Q l (y l , L) as the probability (density) to take l steps and arrive at fitness cl+y l . It is the integral of
and satisfies the recursion relation
with Q 0 (y, L) = f (y). The probability H l that a walker takes at least l steps is obtained by integration over all L) dy, and the probability P l that a walker takes exactly l steps is
Accordingly, the mean walk length can be calculated as
Although we have found a formal way of calculating D RAW , it seems very difficult to find an analytic solution for arbitrary c and arbitrary f (y) (see [16] for the solution in the case of c = 0). Rather than directly analyzing (3), we use the following approximation scheme. At first, we observe that for L → ∞ with l kept finite,
with Q 0 (y) = f (y). According to (4), P l is almost 0 as long as the region where Q l (y) is significant does not overlap with the region where F (y −c) L−l is significant in the sense that the product Q l (y)F (y − c) L−l ≪ 1 for all y. A way to determine whether the two regions overlap is to check if
L−l becomes of order unity, where z l is the mean of Q l (y), or z l ≡ ∞ −∞ yQ l (y)dy. Once the two regions are significantly overlapped, they remain so for larger l either by decreasing L − l or by increasing z l , and Q l (y, L) becomes significantly smaller than Q l (y). Since F (x) approaches 1 as x gets larger and
for an order of magnitude estimate of D RAW . Exponential distribution. We apply the above approximation scheme to the case of exponentially distributed random components, f (x) = e −x . After a substantial amount of algebra [19] , we obtain
and z l takes the form 1 + l k=1 ξ k with
where g(t) = ln(1 + t) − ct. Note that g(t) has a unique (local) maximum at t M = (1−c)/c, such that it decreases (increases) for t > t M (t < t M ). In the case c = 1, ξ l takes the simple form √ 2πl
where we have used Stirling's formula. Since c−1−ln c > 0 for c = 1, ξ l approaches max(1−c, 0) exponentially fast. Also when |c − 1| ≪ 1, we can approximate c − 1 − ln c ≈ (c − 1) 2 /2, suggesting a scaling form
where β = 1 and ν = 2. Combining the approximations for the cases of c = 0 with (8), the asymptotic behavior of ψ(x) takes the form
To confirm the scaling, we calculated ξ l for different values of c using Monte Carlo simulations and the scaling plot is drawn in Fig. 1 . We emphasize that the results of the Monte Carlo simulations are identical to those obtained by direct numerical integration of (7). Thus, we 
Since the distribution of the stochastic fitness component is exponential, Q l (y) is not expected to have a fat tail for large l. To confirm this expectation, we calculated the standard deviation σ l of Q l (y) and found that σ l ∼ O( √ l) for c ≤ 1 and σ l ∼ O(1) for c > 1 [19] . This implies that for c < 1, Q l (y) can be well approximated by δ(y − z l ) for large l and P l becomes significant when l ∼ (ln L)/(1 − c). For c = 1, z l and σ l are comparable and Q l (y) cannot be approximated by a delta function. However, we expect that when ln F (z l + σ l ) ∼ − ln L, P l starts to become significant. Hence we conclude that
In the limit L → ∞ the ratio D RAW /L remains finite for c > 1 but approaches 0 for c ≤ 1, which means there is a phase transition at the critical point c * = 1. For c = 0 we recover the result of [16] . In Fig. 2 we compare our prediction to simulation results, finding excellent agreement. Because the dynamics is invariant under the multiplication of the fitness W (C) by a constant factor, for a general exponential distribution f (x) = a −1 e −x/a the critical point is given by the mean of the distribution, c * = a, and the walk length for c < c * is of the order of ln L/(1 − c/a). Other distributions. Now we will argue that the nature of the phase transition is determined solely by the tail behavior of f (y) and only exponential tails can lead to non-trivial behavior. Let us revisit (5) and consider distributions f (y) that are supported on the entire real axis. Multiplying both sides of (5) with y and performing a partial integration one can then derive the relation
where h(y) is the hazard function defined as h(y) = f (y)
1−F (y) . Let us now assume that z l → ∞ as l → ∞ and that Q l (y) is reasonably concentrated, as was explicitly shown above for the case when f (y) is exponential. Then we can replace the hazard function in the integral on the right hand side of (14) by its asymptotic form for large arguments. Distributions with exponential tails are the only ones for which the hazard function approaches a constant for large y, specifically lim y→∞ h(y) = a
. Inserting this into (5) and using the fact that Q l is normalized, we arrive at z l+1 − z l ≈ a − c, showing that z l ≈ (a − c)l for c < a while for c > a the assumption that z l diverges is inconsistent. These results reproduce the previous analysis for the purely exponential distribution (but note that in this case the relation (14) does not strictly hold, because the support of the distribution is bounded on the left).
For a tail of the form ln f (y) ∼ −y α , the asymptotic behavior of the hazard function is h(y) ∼ y α−1 . Thus the assumption that z l diverges is consistent only for α < 1. Provided Q l is sufficiently narrow we can estimate the integral on the right hand side to be of order z
for any c, and it is straightforward to check that this implies that the walk length is always proportional to ln L. Similarly for a power law tail f (y) ∼ y −(µ+1) the hazard function h(y) ∼ 1 y , which leads to an exponential growth of z l for any c, and again to a walk length that is logarithmic in L. Conversely, for distributions with tails thinner than exponential such as the case α > 1 mentioned above, the integral on the right hand side of (14) never becomes large and the behavior is dominated by the negative term c for any c > 0, leading to a walk length that is linear in L. Only when c = 0 one obtains z l ∼ l 1/α , which implies that the walk length is again O(ln L), consistent with the results in [16] . Thus, we conclude that a non-trivial transition is possible only for exponential tails. We numerically confirmed this conclusion using various distributions [19] . Summary and discussion. We have analyzed the mean adaptive walk length on random fitness landscapes with a fitness gradient c and various choices for the distribution of the stochastic fitness component. We showed that for distributions with exponential tails, D RAW exhibits a critical phase transition between a regime with D RAW ∼ ln L for c < c * , and D RAW ∼ L, for c > c * . For distributions that decay slower than exponentially, D RAW ∼ L for all c > 0, and for distributions decaying faster than exponentially D RAW ∼ ln L for all choices of c. Note that the distinct role of the exponential distribution in delimiting two regimes of qualitatively different behavior goes beyond the standard classification in terms of extreme value theory [20] . Intriguingly, a similar scenario appears in several other recent studies concerned with records and extremes [21] [22] [23] .
The mutational pathways followed by the RAW are monotonically increasing in fitness, and a number of papers have explored the conditions for the existence of such selectively accessible paths [11, 24, 25] . In particular, in [25] it was proven that accessible paths to the global maximum exist in the RMF with a probability approaching unity for L → ∞ and any c > 0. The present work shows, however, that the dynamic significance of such pathways depends subtly on the tail properties of the fitness distribution, and for heavy-tailed distributions they are essentially irrelevant for any c. The tail also determines the behavior of the number of maxima of the RMF landscapes for large L, which converge to that of an uncorrelated random landscape for any c > 0 when the tail is heavier than exponential [12] .
Being a parameter of the fitness landscape, the strength of the fitness gradient c governing the phase transition cannot be easily tuned in an evolution experiment. Nevertheless, the existence of two phases in which adaptive walk lengths are proportional to ln L or L, respectively, is of considerable biological importance, because for realistic genome sizes L is vastly larger than ln L. Since the length of adaptive walks determines the probability that a population gets trapped at a local fitness maximum, the results of this Letter are of relevance to evolutionary dynamics also beyond the SSWM regime. For example, it was recently shown that the benefit of sexual recombination turns into a pronounced disadvantage if trapping at local fitness maxima is likely [26] . In the light of our findings this suggests that the fitness landscapes of sexually reproducing organisms are typically in the phase of long adaptive walks.
Finally, we note that the RAW dynamics considered in this Letter is equivalent to a zero temperature Metropolis dynamics [16] , where genotypes C are interpreted as the configurations of L spins with energies −W (C) assigned according to Derrida's random energy model in an external magnetic field c [27] . In that context our work predicts a novel kinetic phase transition as a function of field strength from a low-field phase where the systems gets stuck in a metastable state after O(ln L) spin flips to a high-field phase where a finite fraction of spins attain their ground state orientation. Further exploration of this connection promises to improve our understanding of aging processes in spin glasses, where rigorous work has so far been restricted to the (less realistic) Glauber dynamics in the absence of an external field, and the energy distribution is always assumed to be Gaussian [28] . 
